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B Supplementary material

B.1 Simulation implementation details

For the simulations in Section 3.5 with volatility as covariate, we use plug-in versions of the

bandwidths that minimize the asymptotic weighted IMSE of m/(y, z), with hy = c;hy:
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where we integrate over the middle 95% of the marginal return and volatility distributions.
For the pilot estimator we use the Nadaraya-Watson estimator (12) with Silverman’s rule-of-
thumb bandwidths. The bandwidths are fixed in the return dimension, but are multiplied in
the volatility dimension by the factor f,‘l/ (v)~1/6/ J f}‘L/ (u)%/%du, which moves inversely to the
estimated marginal density f,Y of the volatility factor at the MSE-optimal rate, while preserving
the fixed bandwidths as their means. Both nonparametric estimators use boundary-corrected
trimming at the (0.01,0.99)-quantiles of the risk-neutral distributions. We consider only the two
largest sample sizes from the simulations without covariates, as localization in the conditioning

variable effectively implies using only a subset of the observations at a time.
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B.2 Risk-neutral density estimation

For the empirical results in Section 4, we estimate the risk-neutral densities nonparametrically

estimated based on the Breeden and Litzenberger (1978) result
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where (Cj, kit);, is the cross-section of end-of-day call option mid prices (possibly obtained by
put-call parity) with corresponding forward moneyness levels, and the risk-free rate r{ ensures
qt(+) integrates to one. When the number of recorded strike prices n; goes to infinity, the call
pricing function and its second derivative can be consistently estimated using nonparametric
methods such as kernel smoothing or series approximation. In particular, we estimate the risk-
neutral densities using the local cubic method in Dalderop (2020), which uses plug-in bandwidths
obtained by fitting an initial Bates (2000) stochastic volatility model. Before smoothing, we
apply the constrained least squares method of Ait-Sahalia and Duarte (2003) to ensure each
cross section of option prices is monotone and convex in the strike price. To limit the effect of
density estimation error, we only estimate each risk-neutral density on a grid [k, k], Where
the thresholds are set as ry = Q; 1(0.01) and ks, = Q; 1(0.99) based on an initial local-linear
estimator Qt( -) of the risk-neutral cumulative distribution function. For applications that require
entire densities, we ‘paste’ the tails of the Bates (2000) model by matching its spot volatility at the
lower and upper moneyness thresholds. Figure 1 shows that the resulting risk-neutral densities

for both horizons are smooth, unimodal, and left-skewed.

B.3 Heterogeneous investor model

This section develops a structural model to interpret the demand-based pricing kernel estimates
in Section 4.4. Consider ¢ = 1,..., N investors with utility U; over wealth and subjective belief
densities f;; for the return R;y; on a stock with price S;. Following Carr and Madan (2001),
investors trade positions in the stock, a bond with risk-free return R{ , and a continuum of option
contracts on Ry11, so that the payoff function ¢;(R) maximizes their subjective expected utility
fo i(¢it(R)) fit(R)dR subject to their budget constraint.

Under exponential utility U;(w) = —=- exp( ;w), the optimal payoff is given by

oy Lo fu(R)
Git(R) = pa + - log IOk

=1,...,N, (B.2)

where u;; is an intercept. The equilibrium stock market clearing condition Zf\il oit(R) = SiR
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(a) Weekly horizon. (b) Monthly horizon.

Figure 1: Weekly and monthly risk-neutral probability densities estimated from daily option
prices from January 1996 to August 2023 using local cubic method with plug-in bandwidth from
Dalderop (2020). Outside threshold points (K¢, ) = (Qt_l(0.0l), Q;1(0.99)), we smoothly paste
tails from Bates (2000) model.

implies that the Arrow-Debreu state-price density equals
qt(R) = crexp (—ﬁStR + Z ’yl log flt(R)) , (B.3)

where 371 = Zf\il vl sums the risk tolerances, and ¢; is a normalizing constant.
1

Furthermore, suppose the subjective densities f;; are of the form
K
log fir(R) o< Y _ sitkgi(R), (B.4)
i=1

for some basis functions (gk)f:1 and stochastic loadings s;;;. For example, K = 2 with gx(R) =
RF describes Normal densities with possible disagreement about their means and variances. Plug-

ging (B.3) and (B.4) into (B.2) yields the equilibrium net derivative payoff functions w;:(R) as

~ K
1
wit(R) = consty + (% - w§> SR+ — Y Siungr(R), (B.5)
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where wist are the equilibrium stock positions, and S, = sje — >, %sitk center the subjective

loadings by their risk-aversion weighted means. The optimal option portfolio thus combines a fi-
K

nite number of claims. Given data on w;;(R), we can identify the scaled loadings x;; = < %éztk) -



as the last K coefficients in a functional regression of w;(R) on (1, R, g1(R), ..., gx(R)).!
Characterizing the pricing kernel requires connecting the subjective densities to the true con-
ditional density. Suppose f; has the same form as (B.4), but the true loadings are weighted

averages of the subjective ones:

log fi(R) o< > sukgr(R), s =Y Owsiw, Y O =1 for all k. (B.6)
K i i

Combining (B.3), (B.4), and (B.6) yields the density ratio model

log fy(R) o< log qi(R) + ¥SiR+ Y _ Oiukgi(R), (B.7)

ik
which is parametric in terms of observed covariates. Since Ei\il xi+ = 0 by construction, we avoid
multicollinearity by standardizing the covariates as Z;; = x4 — x4 for i = 2,..., N. The resulting

inverse pricing kernel can be written in terms of the parameters B;; = 0;17; — 0171 as

N K
m(R, St, Ty) = exp (’YStR +Y > ﬁikfiith(R)> : (B.8)
i=2 k=1
The informativeness (6;;) and risk aversion parameters (;) are not separately identified from
(Bik). Still, Bir > (<)0 implies that investor i is more (less) risk averse than the first investor,
which we take to be the market-maker, or more (less) informed about loading k, or both.
Pricing kernel (B.8) is exponential-linear in the covariates, so that the local parametric form
(13) holds globally, and the optimal bandwidth h, becomes infinite. However, the model relies on
parametric restrictions on the utility function and the subjective and true densities. Fortunately,
the local estimator is consistent even under misspecification, and has a small asymptotic bias when
the true pricing kernel is approximately exponential-linear in . The latter may be achieved by
a judicious choice of x, for which functional form restrictions such as those discussed can serve

as a guide.’

B.4 Conditional moment specification test

We test the null hypothesis in Section 4.5 using the distance statistic

I(g9) = Env1(9)E (nex1(9) | w6, 2¢) fx,z(xe, 20)]

!See Bossu et al. (2021) for related applications of functional analysis for the static replication of payoff functions.
2 Almeida and Freire (2022) express the pricing kernel in terms of the entire option portfolio of the marginal
investor. Our heterogeneous belief formulation allows summarizing this portfolio with a low-dimensional proxy.



where the weighted error 7,41(g) = e¢+1(g)c;  fx () serves to avoid a small denominator prob-

lem. For its empirical analog we consider the leave-one-out version given by

Ir(g) = T(Tl—l) ; ; 41(9)Ns+1(9) Ky (20 — 6) Kpy (20 — 24),

where 741(g9) = étH(g)ét_le(xt), with €,41(g) and & based on the estimator m_¢(y, z;) which
leaves out observation ¢, and fx,_t(xt) the leave-one-out kernel density of x; using the same

bandwidth h,. Li (1999, Thm 3.1.) shows that under similar conditions as ours, under Hy,

Jr(g) = T\/ILH ITEg; 4 N, 1),
g1

where 6%(g) = 2h h Zt > st ﬁfﬂ(g)ﬁfﬂ(g)Ki (¢ — %)K;%/Z(Zt — zs), provided the bandwidths
R, and A, Vanlsh fast enough relative to the bandwidth h, of the restricted model. Meanwhile,
under the alternative, Jr(g) will exceed any sequence of order o(T'y/h/.h’,) with probability ap-
proaching one. Therefore we reject the null for large, positive values of Jr(g).

As the test statistic Jp(g) converges at a slower than /T rate to its asymptotic Normal
distribution, we approximate its finite-sample distribution using the following bootstrap algo-
rithm. First, obtain the conditional densities ft after estimating m(y,z;). Then, for each
draw s = 1,...,S, simulate the path of returns as R} ; = Ft_l(U), with U the standard
uniform, and compute the simulated test statistic J7.(g) based on (R} +1,qt,xt)tT:1. As the
deep tails of the pricing kernel cannot be accurately estimated, we trim the test functions as
g"™(R) = g(R)1(x; < R < ky), with the thresholds set as the unconditional 1% and 99% per-
centiles of returns. The test statistic bandwidths are chosen as (h’,, h.) = 2(6(z4), 6 (2))T~* to
meet the conditions in Li (1999). The bootstrapped distributions then have standard deviations

close to unity, though are slightly left skewed.

B.5 Additional proofs

Proof of Theorem 2. First, we show B LN B, where 3 = B(y,z). The F.O.C. of the local least

squares criterion (13) are

Qe ) =23 — exp (ﬁ%)) exp (B73) 5 Kn, (0 — @),

<Kh Rit1—y)
t=1

o8 Qt(RtH)



where 7y = (1,2 — x)T. Write

( Q. ,m) D(a,y ho, B) + O(2),

where
Dy, has B) = / Z ( —exp (ﬁ0)> (B1 e exp(Bo) (L, hau) K (u)du.

Then D(z,y, he, 3) = 0, while D(x, vy, hy, ) # 0 for any 3 # 3. Therefore A is consistent for j if

the following uniform convergence holds:

sup H%QT y,x,B) — (x7y7hqu)H 50, (B.9)

where || - || denotes the Euclidean norm of a vector or matrix. By the mean-value theorem and

Cauchy-Schwartz inequality, for j = 0,1, and any 3 and ¢

*Qr(x,y,5) H

Qr(y, =, ) — ®H 0B;08T

2 Qry.a. B < 18- Bl su

|75 o

The Hessian is given by

*Qr(z,y,8)

T
98057 % Z <Kh i —y) — 2exp (ﬂ xt)> exp (5T§:t) Bil Ky, (xp — ).

P qt(Riv1)

Let B} and 5; denote the largest and smallest value of 3; in © for j = 0,1. Since

E (sup (WD <2F (Zug ‘M —2exp (874) ‘ exp (81 &;) K, (w1 — x))
(S

BEO 5250 Qt(Rt+1)
K _

< 2F | sup M exp (BTaEt) Ky (xy — x)
BEO Qt(Rt—i-l)

+4F <sup exp (QBT@) Ky, (x — :1:))

B€O©

Kh(Rt+1 _y) u u
<2 (5 (P SI y exp (35 + 138 + 191Dl — ) Ko (o1~ )

+ 48 (exp (265 + 2087 + |81 lar — o) Ko, (21 — )

=0(1),



02 QT (x7y7ﬁ) —

it follows that supgcg = Op(1). Other elements of the Hessian are of smaller stochastic

6QT ,yﬁH_ (1)

order, so that supgcg H 608"

. Therefore %QT(y,x, B) is stochastically equicon-
tinuous, which confirms (B.9) using Newey (1991, Corollary 2.2).
Consistency and /8 being an interior point imply that 0 = %QT(@/,:B,B) with probability

approaching one. By the mean-value theorem,

bl 82QT(%?J75*) A 2
%QT(%$ B) = %QT(QJC B) + W(5—5)> (B.10)

for some J* such that 57 lies in between Bj and B; almost surely. Re-arranging (B.10) and scaling

by VTh2H ™! yields
WH (B_ B) - AT(x’z%ﬁ*)_l\/ﬁST(iU,y,BO)y

where

Aoy, ) = 1 T ) %@gﬂ?’ﬁ i,
ST(x7y75) - - aBQT(Z/:q: 5)

The proof consists of two main steps showing that (1) Ar (z,y, *) converges to a positive-definite
limit matrix, and (2) VTh2St (x, Y, B) satisfies a multivariate central limit theorem.
Step (1): Write

Ap (z,y, ") = Rr1 (z, 8) + {Rr1 (z, 8%) — Rr1 (x,B8) } + Rra (w,y, 8%)
where
2 . T~ —1= —1~\T
Ry (z,8) = T ZGXP (28" %) H '@ (H %) Ky, (¢ — ),
=1

T (K B
Rra(z,y,8) = —% ; {W —exp (873) } exp (8Ta) H Vi (H'2)" Kn, (2 — ).

We will show that, for a positive-definite limit matrix Apg(x) given below,

| Rr1 (2, 8) = Aro(@)]| = 0p(ha), (B.11a)
HRTI (1‘,[3*) _RTl (.%',B)H :Op(l), (B.llb)
[ B2 (2, y, ) = op(1). (B.11c)



Using second-order Taylor expansions around x; = x, the means of the terms in Ry (z, ) are

E (exp (287 %) Ky, (2, — x)) = /exp (280 + 2B1 (¢ — ) Kp, (x1 — @) f(2¢)dw
— [ exp (260 + 261h02) K (2) fa + 2ha)ds

=m(y,z)*f(z) + O(h3),

E (exp (QBTjt) <xth— x) Ky, (v — x)) = [ exp (280 + 2B1he2) 2K (2) f(x + zhy)dz

= m(y,z)2ua(K) (2B1f (x) + f'(x)) he + O(h2),

and

_ T — @ 2 _ _
E <6Xp (268" &) ( th ) K, (@ — 96)) = /GXP (280 + 2B1hez) 22K (2) f (2 + zhy)dz
= m(y, 2)?p2(K) f(x) + O(h3).

Therefore,

x K)ria(x)hg O (h2) O(h
B (R (0.)) 2oy |7 eOmel@he ) QOGRS OUR o0,

po(K)ria(x)he  po(K)f(x) O (h3) O (h3)

where r12(z) = 2B1f(x) + f/(z). Furthermore, the variance of each element in Rpi(z, ) is
0 (ﬁ) under the mixing condition. Therefore (B.11a) follows under bandwidth condition 2g).

By the mean-value theorem, there exists some B in between 5* and 3 such that

T
Z (ﬁ* — B)T.i‘t exXp (23Tjt) H_l.i‘t (H_lli‘t)TKhz (.’L’t — iL‘) .

t=1

M| e

Rri (z,8%) = Ry (%, ) =
Therefore (B.11b) follows from

B (|Br1 (2.8) = Rra (@, 6) )
< 4E (|| (8* = B)" & exp (2BT3:~t) H Y, (H'a) " Ky, (2, — ) H) (B.12)
< 48" = Bl [ 10 o)1 B (exp (257 (1. 2ho)) ) 557K (2) S o+ )

— 0,



using the triangle inequality and stationarity in the first step, the Cauchy-Schwartz inequality,
properties of K, compact support of 8, and Fubini’s Theorem in the second, and consistency of
£* in the third.

To establish (B.11c), write

Rya(z,y, B) = 2 {K’I(Rt“_y)

@ (Riir) - m(yuxt)} exp (ﬁT:Et) H 'z (H_lit)TKhx (2 — )

'ﬂ

Mq ||M

{ (y,x¢) — exp (,Bcht) } exp (ﬁT:%t) H 'z (H_lijt)T K, (vt — )

Nl

t

=Tri(x,y,8) + Tra(z,y, B).

Il
—_

Using second-order expansions, F (Tri(z,y,3)) = O(h?) for any 3, while E(TTg(x,y,B)) =
O(Rh2). Furthermore, Var (Tri(x,y,8)) = O (ﬁ) and supgeg %TTl(:U,y,ﬁ) = O, (1), so that
Tri(z,y,3) 2 0 uniformly over 3. Moreover, Var (Tra(2,y,8)) = O (%), and || Tra(2,y, 5*) —
Tra(z,y, B)|| = 0p(1) using similar steps as (B.12). Therefore ||Tr;(z,y, 8*)| = op(1) for j = 1,2,
implying (B.11c).

Step (2): Write St (m,y,ﬁ) as

ST (x>y)B) = 2m(y7$) (STl (xayvg) + STQ (x7y>8) + ST3 (l’,y,B)) )

T
where, writing Z; , = (1, mfh_x) )
) x

St (z,y,B8) = Zut+1 nTep Kp, (2 — ),
Sta (z,y,B) = Zut—H h(exp (Bi(wy — @) — 1) Ty p K, (x: — ),

T
St3 (:L’, v, ﬁ_) = ;tz:; {E (W ] xt> — exp (BT:Et) } exp (,51 (xy — x)) Ty Kp, (2 — ),

. Kp(Rta1— K, (R > >
with uppqp, = W -F <W \ xt> so that E (S71 (z,y,8)) = E (Sr2 (z,y,8)) =
We will show below that

VTR2S71 (2,, B) % N(0,V(z,y)),
H \% ThZSTQ (:L', Y, ,B) H =0 (h)

HST3 (xayaB) - thCL(LU,y)H = Op (h4) ’



where V(z,y) = c; ' Ro(K)m(y,z)diag(Ro(K), Ra(K))E (ﬁ | 2p = m) f(z), with R;(K) =
[ 27 K?(z)dz for any integer j, and a(x,y) is given below.

Given stationarity,

Var (V Th2Sr1 (z,y, B)) = h®Var (ug1 h & p Kn (70 — 7))

T-1

+ 2h? Z <1 — ;) Cov (ujp1.4Z5 0 Kn(xj — ), ur nZop Kp(ro — )) .
j=1

The variance term equals

K (R —
AV (11 K, (o = ) = 18 (Var (2SS0 0 ) 3y KR ()
qt(Rit1) '

— h2E (E (/ (W)z ft(R)dR | xt> Fun®p K (20 — :):)) +O(h)
= h’E (/E (th3) | xt> K} (R —y)m(R, xy)dR% 3], Kjr (¢ — x)) + O(h)

_ S I 2\ K2 (whm - N

_//E<Qt(y+hu)’ ¢ +hz>K() (y + hu,x + hy2)d
x 23T K2(2) f(x + hy2)dz + O(h)

=V(z,y) + O(h).

By the LIE,

Cov (Uj-l—l,hﬂ}j,hKh(xj - l’), Ul,hi‘O,hKh(l'O — SU))

=L << th(jR_) v) fi(R)dR — E (th(f(%gil_) y) | %)) TjnKn(zj — x)urpZopKn(zo — CU))
— Cov < / Kn(r — gym(r,a))dr (¢ — 1) &0 Kn(2; — ), unndonKn(zo — x))

By Davydov’s inequality for strong mixing processes

Cov ((¢j — 1) ZjnKn(xj — x), w1, nTopKn(zo — 7))

N[

1
6 ~ 2435 ~
< 8a())7 B (I(e; = 1) &Kz — 2)7°) 7 B ((wn oKz - 2))%)

1
< Ca(j)'%réE (|cj —1)*T K}Qf‘s(xj - x)) E (Var (uy p, | 2¢) Kj(v0 — )

[NIES

1+6

I
< Calf)25 hy 2 (hyhy) "2 Iy,

10



Therefore, for some constant C' > 0,
— 125 = s 3425
Cov (wjr1 pZjpn Kp(rj — ), u1 pZon Kp(xo — )| < Ch™ 243 Y2+5 = O (h™ 2% ),
]+ b ]7 -] b b
j=1 j=1

which is of smaller order than the O(h~2) variance term.

Asymptotic normality of St1(z,y, 3) follows a similar large-small block argument as used for
Theorem 1. The block sizes I = \/Th/ logT and sp = (? log T) = satisfy the conditions in
(A.1). In particular,

= —(f h1+5) ™ (log TY55 s 0,
T

as Assumption 2g) implies that T-3p~170 = O(T—%°) for some gy > 0. Therefore kpr =
o(T/lr) = O (? log T) =0 (s;Ir ) The mixing condition implies T1+%0¢(T) — 0, so that
/{:TOZ(ST) — 0.

Meanwhile element-wise second-order mean-value expansions of exp(f;(x; — x))Z; yield some
x; between z; — x and 0 such that

b1 )
St (z,y,8) = Z Ug1,n exp(Bi}) (zt — ) Ty p K, (20 — 2)
201 + Biay

using 5= 9 exp(Bz)r = exp(Bz) (1 4 Bx) and -2 82 exp(fx)x = fexp(Bz) (2 + ). Using similar steps
as for S (:n,y,ﬁ), it follows that Var (STQ (:U,y,ﬁ)) =0 ( UF: ) =0 (%)

Th?

Performing second- and third-order Taylor expansions for the constant and slope term, re-

spectively, in St3(z,y, 3) allows obtaining its leading terms as

'ﬂ"‘

T
Sts (x,y, 8 Z {2 (K)myy (y, w0)h* + (mao(y, ) — Bim(y, 7)) (2 — 2)* + p(K)myye (y, o) (z: — @)

+ = (Mawa(y, ) — Bim(y, z)) (z¢ — 95)3} (1+ Bi(ze — ) Ty p K, (ze — ) + Op(h"),

Wl

:U’?(K)f(w) (myy@/v IE) + (mmx(:% .Z') - B%m(ya .I)) Cg) + Op(hQ)
1 _
= W H | (3K )myye(y, 2)s + pa(K) (Maaa(y, 7) — Bim(y, 2)) ) £() + Op(h)
+ (13 (K )myy(y, ) ca + pa(K) (maa(y, ) — Bim(y, @) ci) (Bif () + f'(2))

= hQHa(y, x) + Op(h4),

where the term (1 f(z) + f'(x) in ag(y,x) stems from first-order expansions of exp(Bi(z¢ — x))

11



and f(x).
Combining results from Steps (1) and (2), the asymptotic bias of B equals

E (3 _ B) — H Y Apo(z) " 22m(y, 2)h2Ha(z,y) + o(h?)

—f(2) ra(x z ay(x,
B2y, 2) f(2) ! : R B I e
—f(x)trie(x)  pe(K)thgt has(x,y)
= Rm(y,2) ™ () nry) To(i?)
—f(@) ria(@)ar (@, ) + 5 L n(K) as(, y)

= h%b(z,y) + o(h?),
while its asymptotic variance equals

v <¢11W<B B 5>) = Ago(w) 4m(y, )V (2, y) Aro(z) ' + o(1)

= mly.2) " f () e Ro(K)diag(Ro(K), Ra(K)/ () E (q(y) |z = )

= Q(x,y) + o(1).

Therefore we have established that vVTh?H (B -B- th(x,y)) 4N (0,9(x,y)). The limiting
distribution of m(y, #) = exp(3y) follows from the delta method. O
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