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B.1 Simulation implementation details

For the simulations in Section 3.5 with volatility as covariate, we use plug-in versions of the

bandwidths that minimize the asymptotic weighted IMSE of m̂(y, x), with hx = cxhy:

hy =

( ∫∫
σ2
mfdydx

Tµ2
2(K)

∫∫
(m2

yy + c2xmyym̃xx)fdydx

) 1
6

(B.1)

cx =

(∫∫
m2

yyfdydx∫∫
m̃2

xxfdydx

) 1
4

,

where we integrate over the middle 95% of the marginal return and volatility distributions.

For the pilot estimator we use the Nadaraya-Watson estimator (12) with Silverman’s rule-of-

thumb bandwidths. The bandwidths are fixed in the return dimension, but are multiplied in

the volatility dimension by the factor f̂V
h (v)−1/6/

∫
f̂V
h (u)5/6du, which moves inversely to the

estimated marginal density f̂V
h of the volatility factor at the MSE-optimal rate, while preserving

the fixed bandwidths as their means. Both nonparametric estimators use boundary-corrected

trimming at the (0.01,0.99)-quantiles of the risk-neutral distributions. We consider only the two

largest sample sizes from the simulations without covariates, as localization in the conditioning

variable effectively implies using only a subset of the observations at a time.
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B.2 Risk-neutral density estimation

For the empirical results in Section 4, we estimate the risk-neutral densities nonparametrically

estimated based on the Breeden and Litzenberger (1978) result

qt(κ) = er
f
t
∂2

∂2κ
Et (Cit|κit = κ) ,

where (Cit, κit)
nt
i=1 is the cross-section of end-of-day call option mid prices (possibly obtained by

put-call parity) with corresponding forward moneyness levels, and the risk-free rate rft ensures

qt(·) integrates to one. When the number of recorded strike prices nt goes to infinity, the call

pricing function and its second derivative can be consistently estimated using nonparametric

methods such as kernel smoothing or series approximation. In particular, we estimate the risk-

neutral densities using the local cubic method in Dalderop (2020), which uses plug-in bandwidths

obtained by fitting an initial Bates (2000) stochastic volatility model. Before smoothing, we

apply the constrained least squares method of Aı̈t-Sahalia and Duarte (2003) to ensure each

cross section of option prices is monotone and convex in the strike price. To limit the effect of

density estimation error, we only estimate each risk-neutral density on a grid [κtl, κtu], where

the thresholds are set as κtl = Q̂−1
t (0.01) and κtu = Q̂−1

t (0.99) based on an initial local-linear

estimator Q̂t(·) of the risk-neutral cumulative distribution function. For applications that require

entire densities, we ‘paste’ the tails of the Bates (2000) model by matching its spot volatility at the

lower and upper moneyness thresholds. Figure 1 shows that the resulting risk-neutral densities

for both horizons are smooth, unimodal, and left-skewed.

B.3 Heterogeneous investor model

This section develops a structural model to interpret the demand-based pricing kernel estimates

in Section 4.4. Consider i = 1, . . . , N investors with utility Ui over wealth and subjective belief

densities fit for the return Rt+1 on a stock with price St. Following Carr and Madan (2001),

investors trade positions in the stock, a bond with risk-free return Rf
t , and a continuum of option

contracts on Rt+1, so that the payoff function ϕit(R) maximizes their subjective expected utility∫∞
0 Ui(ϕit(R))fit(R)dR subject to their budget constraint.

Under exponential utility Ui(w) = − 1
γi
exp(−γiw), the optimal payoff is given by

ϕit(R) = µit +
1

γi
log

fit(R)

qt(R)
, i = 1, . . . , N, (B.2)

where µit is an intercept. The equilibrium stock market clearing condition
∑N

i=1 ϕit(R) = StR
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(a) Weekly horizon. (b) Monthly horizon.

Figure 1: Weekly and monthly risk-neutral probability densities estimated from daily option
prices from January 1996 to August 2023 using local cubic method with plug-in bandwidth from
Dalderop (2020). Outside threshold points (κtl, κtu) = (Q̂−1

t (0.01), Q̂−1
t (0.99)), we smoothly paste

tails from Bates (2000) model.

implies that the Arrow-Debreu state-price density equals

qt(R) = ct exp

(
−γ̃StR+

∑
i

γ̃

γi
log fit(R)

)
, (B.3)

where γ̃−1 =
∑N

i=1
1
γi

sums the risk tolerances, and ct is a normalizing constant.

Furthermore, suppose the subjective densities fit are of the form

log fit(R) ∝
K∑
i=1

sitkgk(R), (B.4)

for some basis functions (gk)
K
k=1 and stochastic loadings sitk. For example, K = 2 with gk(R) =

Rk describes Normal densities with possible disagreement about their means and variances. Plug-

ging (B.3) and (B.4) into (B.2) yields the equilibrium net derivative payoff functions ωit(R) as

ωit(R) = constit +

(
γ̃

γi
− ωS

it

)
StR+

1

γi

K∑
k=1

s̃itkgk(R), (B.5)

where ωS
it are the equilibrium stock positions, and s̃itk = sitk −

∑
i
γ̃
γi
sitk center the subjective

loadings by their risk-aversion weighted means. The optimal option portfolio thus combines a fi-

nite number of claims. Given data on ωit(R), we can identify the scaled loadings xit =
(

1
γi
s̃itk

)K
k=1
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as the last K coefficients in a functional regression of ωit(R) on (1, R, g1(R), . . . , gK(R)).1

Characterizing the pricing kernel requires connecting the subjective densities to the true con-

ditional density. Suppose ft has the same form as (B.4), but the true loadings are weighted

averages of the subjective ones:

log ft(R) ∝
∑
k

stkgk(R), stk =
∑
i

θiksitk,
∑
i

θik = 1 for all k. (B.6)

Combining (B.3), (B.4), and (B.6) yields the density ratio model

log ft(R) ∝ log qt(R) + γ̃StR+
∑
i,k

θiks̃itkgk(R), (B.7)

which is parametric in terms of observed covariates. Since
∑N

i=1 xit = 0 by construction, we avoid

multicollinearity by standardizing the covariates as x̃it = xit−x1t for i = 2, . . . , N . The resulting

inverse pricing kernel can be written in terms of the parameters βik = θikγi − θ1kγ1 as

m(R,St, x̃t) = exp

(
γStR+

N∑
i=2

K∑
k=1

βikx̃itgK(R)

)
. (B.8)

The informativeness (θik) and risk aversion parameters (γi) are not separately identified from

(βik). Still, βik > (<)0 implies that investor i is more (less) risk averse than the first investor,

which we take to be the market-maker, or more (less) informed about loading k, or both.

Pricing kernel (B.8) is exponential-linear in the covariates, so that the local parametric form

(13) holds globally, and the optimal bandwidth hx becomes infinite. However, the model relies on

parametric restrictions on the utility function and the subjective and true densities. Fortunately,

the local estimator is consistent even under misspecification, and has a small asymptotic bias when

the true pricing kernel is approximately exponential-linear in x. The latter may be achieved by

a judicious choice of xt, for which functional form restrictions such as those discussed can serve

as a guide.2

B.4 Conditional moment specification test

We test the null hypothesis in Section 4.5 using the distance statistic

I(g) = E [ηt+1(g)E (ηt+1(g) | xt, zt) fX,Z(xt, zt)] ,

1See Bossu et al. (2021) for related applications of functional analysis for the static replication of payoff functions.
2Almeida and Freire (2022) express the pricing kernel in terms of the entire option portfolio of the marginal

investor. Our heterogeneous belief formulation allows summarizing this portfolio with a low-dimensional proxy.
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where the weighted error ηt+1(g) = εt+1(g)c
−1
t fX(xt) serves to avoid a small denominator prob-

lem. For its empirical analog we consider the leave-one-out version given by

IT (g) =
1

T (T − 1)

T∑
t=1

∑
s ̸=t

η̂t+1(g)η̂s+1(g)Kh′
x
(xt − xs)Kh′

z
(zt − zs),

where η̂t+1(g) = ε̂t+1(g)ĉ
−1
t f̂X(xt), with ε̂t+1(g) and ĉt based on the estimator m̂−t(y, xt) which

leaves out observation t, and f̂X,−t(xt) the leave-one-out kernel density of xt using the same

bandwidth hx. Li (1999, Thm 3.1.) shows that under similar conditions as ours, under H0,

JT (g) = T
√
h′xh

′
z

IT (g)

σ̂I(g)

d−→ N(0, 1),

where σ̂2
I (g) =

2h′
xh

′
z

T (T−1)

∑
t

∑
s ̸=t η̂

2
t+1(g)η̂

2
s+1(g)K

2
h′
x
(xt−xs)K

2
h′
z
(zt−zs), provided the bandwidths

h′x and h′z vanish fast enough relative to the bandwidth hx of the restricted model. Meanwhile,

under the alternative, JT (g) will exceed any sequence of order o(T
√

h′xh
′
z) with probability ap-

proaching one. Therefore we reject the null for large, positive values of JT (g).

As the test statistic JT (g) converges at a slower than
√
T rate to its asymptotic Normal

distribution, we approximate its finite-sample distribution using the following bootstrap algo-

rithm. First, obtain the conditional densities f̂t after estimating m̂(y, xt). Then, for each

draw s = 1, . . . , S, simulate the path of returns as Rs
t+1 = F̂−1

t (U), with U the standard

uniform, and compute the simulated test statistic Js
T (g) based on (Rs

t+1, qt, xt)
T
t=1. As the

deep tails of the pricing kernel cannot be accurately estimated, we trim the test functions as

gtrim(R) = g(R)1(κl ≤ R ≤ κu), with the thresholds set as the unconditional 1% and 99% per-

centiles of returns. The test statistic bandwidths are chosen as (h′x, h
′
z) = 2(σ̂(xt), σ̂(zt))T

−1/4 to

meet the conditions in Li (1999). The bootstrapped distributions then have standard deviations

close to unity, though are slightly left skewed.

B.5 Additional proofs

Proof of Theorem 2. First, we show β̂
p−→ β̄, where β̄ = β̄(y, x). The F.O.C. of the local least

squares criterion (13) are

0 =
∂

∂β
QT (y, x, β̂) = − 2

T

T∑
t=1

(
Kh(Rt+1 − y)

qt(Rt+1)
− exp

(
β̂T x̃t

))
exp

(
β̂T x̃t

)
x̃Tt Khx(xt − x),
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where x̃t = (1, xt − x)T . Write

E

(
∂

∂β
QT (y, x, β)

)
= D(x, y, hx, β) +O(h2),

where

D(x, y, hx, β) = f(x)

∫ 1∑
j=0

(
∂j

∂jx
m(y, x)− exp (β0)

)
(β1hxu)

j exp(β0)(1, hxu)K(u)du.

Then D(x, y, hx, β̄) = 0, while D(x, y, hx, β) ̸= 0 for any β ̸= β̄. Therefore β̂ is consistent for β̄ if

the following uniform convergence holds:

sup
β∈Θ

∥∥∥ ∂

∂β
QT (y, x, β)−D(x, y, hx, β)

∥∥∥ p−→ 0, (B.9)

where ∥ · ∥ denotes the Euclidean norm of a vector or matrix. By the mean-value theorem and

Cauchy-Schwartz inequality, for j = 0, 1, and any β and β̃

∥∥∥ ∂

∂βj
QT (y, x, β)−

∂

∂βj
QT (y, x, β̃)

∥∥∥ ≤ ∥β − β̃∥ sup
β∈Θ

∥∥∥∂2QT (x, y, β)

∂βj∂βT

∥∥∥.
The Hessian is given by

∂2QT (x, y, β)

∂β∂βT
= − 2

T

T∑
t=1

(
Kh(Rt+1 − y)

qt(Rt+1)
− 2 exp

(
βT x̃t

))
exp

(
βT x̃t

)
x̃tx̃

T
t Khx(xt − x).

Let βu
j and βl

j denote the largest and smallest value of βj in Θ for j = 0, 1. Since

E

(
sup
β∈Θ

∣∣∣∂2QT (x, y, β)

∂2β0

∣∣∣) ≤ 2E

(
sup
β∈Θ

∣∣∣Kh(Rt+1 − y)

qt(Rt+1)
− 2 exp

(
βT x̃t

) ∣∣∣ exp (βT x̃t
)
Khx(xt − x)

)

≤ 2E

(
sup
β∈Θ

Kh(Rt+1 − y)

qt(Rt+1)
exp

(
βT x̃t

)
Khx(xt − x)

)

+ 4E

(
sup
β∈Θ

exp
(
2βT x̃t

)
Khx(xt − x)

)

≤ 2E

(
E

(
Kh(Rt+1 − y)

qt(Rt+1)
| xt
)
exp

(
βu
0 + (|βu

1 + |βl
1|)|xt − x|

)
Khx(xt − x)

)
+ 4E

(
exp

(
2βu

0 + 2(|βu
1 + |βl

1|)|xt − x|
)
Khx(xt − x)

)
= O(1),
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it follows that supβ∈Θ
∂2QT (x,y,β)

∂2β0
= Op(1). Other elements of the Hessian are of smaller stochastic

order, so that supβ∈Θ

∥∥∥∂2QT (x,y,β)
∂β∂β⊤

∥∥∥ = Op(1). Therefore ∂
∂βQT (y, x, β) is stochastically equicon-

tinuous, which confirms (B.9) using Newey (1991, Corollary 2.2).

Consistency and β̄ being an interior point imply that 0 = ∂
∂βQT (y, x, β̂) with probability

approaching one. By the mean-value theorem,

0 =
∂

∂β
QT (y, x, β̂) =

∂

∂β
QT (y, x, β̄) +

∂2QT (x, y, β
∗)

∂β∂βT
(β̂ − β̄), (B.10)

for some β∗ such that β∗
j lies in between β̂j and β̄j almost surely. Re-arranging (B.10) and scaling

by
√
Th2H−1 yields

√
Th2H

(
β̂ − β̄

)
= AT (x, y, β

∗)−1
√
Th2ST (x, y, β0),

where

AT (x, y, β) = H−1∂
2QT (x, y, β)

∂β∂βT
H−1,

ST (x, y, β) = −H−1 ∂

∂β
QT (y, x, β).

The proof consists of two main steps showing that (1) AT (x, y, β∗) converges to a positive-definite

limit matrix, and (2)
√
Th2ST

(
x, y, β̄

)
satisfies a multivariate central limit theorem.

Step (1): Write

AT (x, y, β∗) = RT1

(
x, β̄

)
+
{
RT1 (x, β

∗)−RT1

(
x, β̄

)}
+RT2 (x, y, β

∗) ,

where

RT1 (x, β) =
2

T

T∑
t=1

exp
(
2βT x̃t

)
H−1x̃t

(
H−1x̃t

)T
Khx (xt − x) ,

RT2(x, y, β) = − 2

T

T∑
t=1

{
Kh(Rt+1 − y)

qt(Rt+1)
− exp

(
βT x̃t

)}
exp

(
βT x̃t

)
H−1x̃t

(
H−1x̃t

)T
Khx (xt − x) .

We will show that, for a positive-definite limit matrix AT0(x) given below,

∥∥RT1

(
x, β̄

)
−AT0(x)

∥∥ = op(hx), (B.11a)∥∥RT1 (x, β
∗)−RT1

(
x, β̄

)∥∥ = op(1), (B.11b)

∥RT2(x, y, β
∗)∥ = op(1). (B.11c)
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Using second-order Taylor expansions around xt = x, the means of the terms in RT1(x, β̄) are

E
(
exp

(
2β̄T x̃t

)
Khx (xt − x)

)
=

∫
exp

(
2β̄0 + 2β̄1(xt − x)

)
Khx (xt − x) f(xt)dxt

=

∫
exp

(
2β̄0 + 2β̄1hxz

)
K (z) f(x+ zhx)dz

= m(y, x)2f(x) +O(h2x),

E

(
exp

(
2β̄T x̃t

)(xt − x

hx

)
Khx (xt − x)

)
=

∫
exp

(
2β̄0 + 2β̄1hxz

)
zK (z) f(x+ zhx)dz

= m(y, x)2µ2(K)
(
2β̄1f(x) + f ′(x)

)
hx +O(h3x),

and

E

(
exp

(
2β̄T x̃t

)(xt − x

hx

)2

Khx (xt − x)

)
=

∫
exp

(
2β̄0 + 2β̄1hxz

)
z2K (z) f(x+ zhx)dz

= m(y, x)2µ2(K)f(x) +O(h2x).

Therefore,

E
(
RT1

(
x, β̄

))
= 2m(y, x)2

 f(x) µ2(K)r12(x)hx

µ2(K)r12(x)hx µ2(K)f(x)

+

O
(
h2x
)

O
(
h3x
)

O
(
h3x
)

O
(
h2x
)
 ≡ AT0(x)+O(h2x),

where r12(x) = 2β̄1f(x) + f ′(x). Furthermore, the variance of each element in RT1(x, β̄) is

O
(

1
Thx

)
under the mixing condition. Therefore (B.11a) follows under bandwidth condition 2g).

By the mean-value theorem, there exists some β̃ in between β∗ and β̄ such that

RT1 (x, β
∗)−RT1

(
x, β̄

)
=

4

T

T∑
t=1

(
β∗ − β̄

)T
x̃t exp

(
2β̃T x̃t

)
H−1x̃t

(
H−1x̃t

)T
Khx (xt − x) .

Therefore (B.11b) follows from

E
(
∥RT1 (x, β

∗)−RT1

(
x, β̄

)
∥
)

≤ 4E
(
∥
(
β∗ − β̄

)T
x̃t exp

(
2β̃T x̃t

)
H−1x̃t

(
H−1x̃t

)T
Khx (xt − x) ∥

)
(B.12)

≤ 4∥β∗ − β̄∥
∫

∥(1, zhx)∥E
(
exp

(
2β̃T (1, zhx)

))
∥z̃z̃T ∥K (z) f(x+ zhx)dz

→ 0,
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using the triangle inequality and stationarity in the first step, the Cauchy-Schwartz inequality,

properties of K, compact support of β̃, and Fubini’s Theorem in the second, and consistency of

β∗ in the third.

To establish (B.11c), write

RT2(x, y, β) = − 2

T

T∑
t=1

{
Kh(Rt+1 − y)

qt(Rt+1)
−m(y, xt)

}
exp

(
βT x̃t

)
H−1x̃t

(
H−1x̃t

)T
Khx (xt − x)

− 2

T

T∑
t=1

{
m(y, xt)− exp

(
βT x̃t

)}
exp

(
βT x̃t

)
H−1x̃t

(
H−1x̃t

)T
Khx (xt − x)

≡ TT1(x, y, β) + TT2(x, y, β).

Using second-order expansions, E (TT1(x, y, β)) = O(h2) for any β, while E
(
TT2(x, y, β̄)

)
=

O(h2x). Furthermore, Var (TT1(x, y, β)) = O
(

1
Th2

)
and supβ∈Θ

∂
∂βTT1(x, y, β) = Op (1), so that

TT1(x, y, β)
p−→ 0 uniformly over β. Moreover, Var

(
TT2(x, y, β̄)

)
= O

(
1
T

)
, and ∥TT2(x, y, β

∗) −

TT2(x, y, β̄)∥ = op(1) using similar steps as (B.12). Therefore ∥TTj(x, y, β
∗)∥ = op(1) for j = 1, 2,

implying (B.11c).

Step (2): Write ST

(
x, y, β̄

)
as

ST

(
x, y, β̄

)
= 2m(y, x)

(
ST1

(
x, y, β̄

)
+ ST2

(
x, y, β̄

)
+ ST3

(
x, y, β̄

))
,

where, writing x̃t,h =
(
1, xt−x

hx

)T
,

ST1

(
x, y, β̄

)
=

1

T

T∑
t=1

ut+1,hx̃t,hKhx (xt − x) ,

ST2

(
x, y, β̄

)
=

1

T

T∑
t=1

ut+1,h

(
exp

(
β̄1(xt − x)

)
− 1
)
x̃t,hKhx (xt − x) ,

ST3

(
x, y, β̄

)
=

1

T

T∑
t=1

{
E

(
Kh(Rt+1 − y)

qt(Rt+1)
| xt
)
− exp

(
β̄T x̃t

)}
exp

(
β̄1(xt − x)

)
x̃t,hKhx (xt − x) ,

with ut+1,h = Kh(Rt+1−y)
qt(Rt+1)

−E
(
Kh(Rt+1−y)
qt(Rt+1)

| xt
)
, so that E

(
ST1

(
x, y, β̄

))
= E

(
ST2

(
x, y, β̄

))
= 0.

We will show below that

√
Th2ST1

(
x, y, β̄

) d−→ N(0, V (x, y)) ,∥∥∥√Th2ST2

(
x, y, β̄

)∥∥∥ = Op(h),∥∥ST3

(
x, y, β̄

)
− h2Ha(x, y)

∥∥ = Op

(
h4
)
,
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where V (x, y) = c−1
x R0(K)m(y, x)diag(R0(K), R2(K))E

(
ct

qt(y)
| xt = x

)
f(x), with Rj(K) =∫

zjK2(z)dz for any integer j, and a(x, y) is given below.

Given stationarity,

Var
(√

Th2ST1

(
x, y, β̄

))
= h2Var (ut+1,hx̃t,hKh(xt − x))

+ 2h2
T−1∑
j=1

(
1− j

T

)
Cov (uj+1,hx̃j,hKh(xj − x), u1,hx̃0,hKh(x0 − x)) .

The variance term equals

h2Var (ut+1,hx̃tKhx(xt − x)) = h2E

(
Var

(
Kh(Rt+1 − y)

qt(Rt+1)
| xt
)
x̃t,hx̃

T
t,hK

2
hx
(xt − x)

)
= h2E

(
E

(∫ (
Kh(R− y)

qt(R)

)2

ft(R)dR | xt

)
x̃t,hx̃

T
t,hK

2
hx
(xt − x)

)
+O(h)

= h2E

(∫
E

(
ct

qt(R)
| xt
)
K2

h(R− y)m(R, xt)dRx̃t,hx̃
T
t,hK

2
hx
(xt − x)

)
+O(h)

=

∫∫
E

(
ct

qt(y + hu)
| xt = x+ hxz

)
K2(u)m(y + hu, x+ hxz)du

× z̃z̃TK2(z)f(x+ hxz)dz +O(h)

= V (x, y) +O(h).

By the LIE,

Cov (uj+1,hx̃j,hKh(xj − x), u1,hx̃0,hKh(x0 − x))

= E

((∫
Kh(R− y)

qj(R)
fj(R)dR− E

(
Kh(Rj+1 − y)

qj(Rj+1)
| xj
))

x̃j,hKh(xj − x)u1,hx̃0,hKh(x0 − x)

)
= Cov

(∫
Kh(r − y)m(r, xj)dr (cj − 1) x̃j,hKh(xj − x), u1,hx̃0,hKh(x0 − x)

)
.

By Davydov’s inequality for strong mixing processes

Cov ((cj − 1) x̃j,hKh(xj − x), u1,hx̃0,hKh(x0 − x))

≤ 8α(j)
δ

2+δE
(
|(cj − 1) x̃j,hKh(xj − x)|2+δ

) 1
2+δ

E
(
(u1,hx̃0,hKh(x0 − x))2

) 1
2

≤ Cα(j)
δ

2+δE
(
|cj − 1|2+δ K2+δ

h (xj − x)
) 1

2+δ
E
(
Var (u1,h | xt)K2

h(x0 − x)
) 1

2 I2

≤ Cα(j)
δ

2+δ h
− 1+δ

2+δ
x (hyhx)

− 1
2 I2.
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Therefore, for some constant C > 0,

T−1∑
j=1

∥Cov (uj+1,hx̃j,hKh(xj − x), u1,hx̃0,hKh(x0 − x))∥ ≤ Ch−
3+2δ
2+δ

T−1∑
j=1

α(j)
δ

2+δ = O
(
h−

3+2δ
2+δ

)
,

which is of smaller order than the O(h−2) variance term.

Asymptotic normality of ST1(x, y, β̄) follows a similar large-small block argument as used for

Theorem 1. The block sizes lT =
√
Th/ log T and sT =

(√
T
h log T

) δ
2+δ

satisfy the conditions in

(A.1). In particular,
sT
lT

=
(√

Th1+δ
)− 2

2+δ
(log T )

2+2δ
2+δ → 0,

as Assumption 2g) implies that T− 1
2h−1−δ = O(T−ε0) for some ε0 > 0. Therefore kT =

O(T/lT ) = O
(√

T
h log T

)
= O

(
s
1+ 2

δ
T

)
. The mixing condition implies T 1+ 2

δα(T ) → 0, so that

kTα(sT ) → 0.

Meanwhile element-wise second-order mean-value expansions of exp(β̄1(xt − x))x̃t yield some

x∗t between xt − x and 0 such that

ST2

(
x, y, β̄

)
=

1

T

T∑
t=1

ut+1,h exp(β̄1x
∗
t )

 β̄1

2β̄1 + β̄2
1x

∗
t

 (xt − x) x̃t,hKhx (xt − x) ,

using ∂
∂x exp(βx)x = exp(βx) (1 + βx) and ∂2

∂2x
exp(βx)x = β exp(βx) (2 + x). Using similar steps

as for ST1

(
x, y, β̄

)
, it follows that Var

(
ST2

(
x, y, β̄

))
= O

(
h2
x

Th2

)
= O

(
1
T

)
.

Performing second- and third-order Taylor expansions for the constant and slope term, re-

spectively, in ST3(x, y, β̄) allows obtaining its leading terms as

ST3

(
x, y, β̄

)
=

1

2T

T∑
t=1

{
µ2(K)myy(y, xt)h

2 +
(
mxx(y, x)− β̄2

1m(y, x)
)
(xt − x)2 + µ2(K)myyx(y, x)(xt − x)

+
1

3

(
mxxx(y, x)− β̄3

1m(y, x)
)
(xt − x)3

}(
1 + β̄1(xt − x)

)
x̃t,hKhx(xt − x) +Op(h

4),

=
1

2
h2H


µ2(K)f(x)

(
myy(y, x) +

(
mxx(y, x)− β̄2

1m(y, x)
)
c2x
)
+Op(h

2)(
µ2
2(K)myyx(y, x)cx +

1
3µ4(K)

(
mxxx(y, x)− β̄3

1m(y, x)
)
c3x
)
f(x) +Op(h)

+
(
µ2
2(K)myy(y, x)cx + µ4(K)

(
mxx(y, x)− β̄2

1m(y, x)
)
c3x
) (

β̄1f(x) + f ′(x)
)


≡ h2Ha(y, x) +Op(h

4),

where the term β̄1f(x) + f ′(x) in a2(y, x) stems from first-order expansions of exp(β1(xt − x))
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and f(x).

Combining results from Steps (1) and (2), the asymptotic bias of β̂ equals

E
(
β̂ − β̄

)
= H−1AT0(x)

−12m(y, x)h2Ha(x, y) + o(h2)

= h2m(y, x)−1f(x)−1

 1 −f(x)−1r12(x)hx

−f(x)−1r12(x) µ2(K)−1h−1
x


 a1(x, y)

ha2(x, y)

+ o(h2)

= h2m(y, x)−1f(x)−1

 a1(x, y)

−f(x)−1r12(x)a1(x, y) + c−1
x µ2(K)−1a2(x, y)

+ o(h2)

≡ h2b(x, y) + o(h2),

while its asymptotic variance equals

Var

(
1√
Th2

(β̂ − β̄)

)
= AT0(x)

−14m(y, x)2V (x, y)AT0(x)
−1 + o(1)

= m(y, x)−1f(x)−1c−1
x R0(K)diag(R0(K), R2(K)/µ2

2(K))E

(
ct

qt(y)
| xt = x

)
≡ Ω(x, y) + o(1).

Therefore we have established that
√
Th2H

(
β̂ − β̄ − h2b(x, y)

)
d−→ N (0,Ω(x, y)) . The limiting

distribution of m̂(y, x) = exp(β̂0) follows from the delta method.
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